This paper proposes that elastic potentials, which may be rigorously formulated using the negative Gibbs free energy or the complementary strain energy density, should be used as the basis for the plastic part of elasto-plastic constitutive models. Thus, the yield surface may be assumed as an elastic potential surface for a specific level of critical complementary strain energy density. Here, rate-independent homogenous continuous materials under isothermal conditions are considered. Visualization of elastic potentials using principal stresses is presented.
Introduction
Although the concepts of work and energy are essential in continuum solid mechanics, they are not so commonly or easily integrated in yield criteria. Notable attempts, such as the total strain energy criterion (Beltrami 1885; Haigh 1920) , are not currently used. In the related field of fracture mechanics, energy is generally accepted as a criterion for crack initiation; in fact, its origin is due to Griffith (1921) , who originally applied the first law of thermodynamics to solve the failure problem of a cracked glass and proposed a critical energy criterion. Nowadays, one of the successful methods for fracture assessment is the strain energy density method (e.g., Lazzarin and Zambardi 2001) .
At the same time, energy concepts are helpful in providing additional techniques to solve elasticity problems (e.g., Sadd 2014) . Also, a restrictive form of elasticity that is usually called hyperelasticity (e.g., Fung 1965) Any kind of elasticity automatically satisfies the second law of thermodynamics because the stress-strain behaviour is reversible, but hyperelastic formulations also satisfy the first law of thermodynamics automatically. For isothermal conditions, the strain energy per unit volume, , also called strain energy density, and the complementary strain energy per unit volume, , are equivalent to the Helmoltz free energy and Gibbs free energy with negative sign, respectively (e.g., Houlsby and Puzrin 2006) .
Motivation for the present work emerges from the fact that the elastic limit (yield surface) should be related to the elastic behaviour and, for example, it seems logical to assume that the stiffness of a material increases with the mean pressure, as its yielding surface does, or vice versa.
This paper proposes that elastic potentials, which may be rigorously formulated using the negative Gibbs free energy or the complementary strain energy density, should be used as the basis for the plastic part of elasto-plastic constitutive models. Thus, the yield surface may be assumed as an elastic potential surface for a specific level of critical complementary strain energy density. Here, rate-independent homogenous continuous materials under isothermal conditions are considered. Section 2 presents the case of linear isotropic materials, both incompressible and compressible materials, where elastic potentials lead to von Mises and elliptical yield surfaces, respectively. Section 3 further examines non-linear materials, which provide distorted elliptical yield surfaces and, for the case of an incompressible material, could lead to Tresca criterion. Section 4 briefly introduces linear anisotropic elasticity, which leads to a rotation of the elastic potential.
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Using bulk and shear moduli ( and ) and octahedral stresses, it may be expressed as
Here, the formulation using principal stresses (Eq. 4) will mainly be used for the sake of simplicity. The shape of the elastic potential in the principal stress space is an ellipsoid (Figure 2b ).
For the particular case of an incompressible material ( 0.5), the elastic potential degenerates into a cylinder ( Figure 2c ); for the case of 0, it is a sphere (Figure 2a) , and for the strange case of 1, it degenerates into two planar surfaces of maximum mean stress. The positive definite property of the strain energy ( 0) gives the limit values of the Poisson's ratio ( 1 1 2 ⁄ ). From a geometrical point of view, this means that the elastic potentials should be convex surfaces (Figure 2 ) (e.g. Callen 1985) . The distance between the elastic potential and the origin gives the stiffness of the material in that direction. Thus, for example, 0.5 means that the stiffness in the mean stress direction is infinite, i.e. the bulk modulus is infinite ( → ∞). For visualization purposes, the elastic potentials are also plotted in two dimensions in Figure   3 , using the octahedral normal and shear stresses (Eq. 9). Using Eqs.
(1) and (4), it may be shown that controls the strain path (shape of the elastic potential), while 1/2 acts like a kind of elastic multiplier:
The elastic potential (Eq. 10) is somehow analogous to the plastic potential:
where is the plastic strain increment, is the plastic potential and is the plastic multiplier. The only difference between Eqs. (10) and (11) in the mathematical formalism is that, in the plastic part (Eq. 11), the strains (and the plastic multiplier) are incrementally defined, while in the elastic part, they are absolute values.
Yield surface
The proposed approach assumes that the yield surface should correspond to an elastic potential surface for a critical value of the complementary strain energy density. In this way, an energetic criterion is used for the yield surface. For linear elasticity, and are the same and it is not necessary to distinguish. However, the critical value should be defined in terms of and not because of the principle of minimum complementary energy, which states that of all the elastic stress states satisfying the given boundary conditions, those that satisfy the equilibrium equations make the complementary energy a local minimum (e.g., Sadd 2014). Hence, it seems logical to impose the critical value to the property that constitutes a local minimum:
This implies a yield surface that is an ellipsoid in the principal stress space (Figure 2 ).
For the particular case of an incompressible material ( 0.5), the yield surface is the von Mises (1913) cylinder (Figure 2c ):
where is the yield stress of the material in pure shear and is the shear modulus.
Tension-compression yield asymmetry
Most materials show a tension-compression yield (and strength) asymmetry, i.e. the yield stress at compression is usually higher than that at tension. In Eq. (12) Thus, the yield surface has 3 parameters (e.g., , and , Eq. 16). Please, note that compressive stresses are assumed as positive and and are positive (absolute) values.
The third term in Eqs. (14-17) causes a translation of the elastic potentials and the yield surface, which may be interpreted as a shifted origin or an initial hydrostatic stress state, , so that the elastic potential ellipsoid ( Figure 2b ) is shifted and its origin is at .
Please, note that is not an "apparent" or measurable initial stress and may be considered simply as a broad idealization of internal forces, stress history, atmospheric pressure.... Using , the elastic potential (Eq. 14) or the yield surface ( , ) may be alternatively expressed as:
The relationship between and coefficients and is given by Eqs. (14) and (18). ), or into an elliptic paraboloid, if they are not (e.g. ). For the latter case (paraboloid), the shifting stress (Eq. 18) and (Eq. 17) are not applicable.
Elliptical yield surfaces
For compressible, linear materials, the elastic potential is an ellipsoid (Eq. 15) ( Figure   2b ) in a three-dimensional stress space and an ellipse in a two-dimensional stress plot -The Ellipse failure criterion for metallic glasses (e.g., Liu et al. 2015) . Compared to the proposed model, it does not consider the full 3D stress space and the shape at compression is changed "ad hoc" and is not convex. The application of the proposed linear model to metallic glasses is illustrated in Appendix II.
-The yield criterion for transversely isotropic solid foams by Ayyagari and Mural (2015) . The formulation of its isotropic version coincides with the proposed approach, but the shifting stress ( ) is introduced in a "semi-phenomenological fashion".
Uniqueness of yield energy
The approach presented in this paper assumes that there is a unique complementary strain energy density for which the material yields ( , ) (Eq. 12). While this may hold for some materials, e.g. materials with an amorphous or disordered structure such as soils and metallic glasses, it may not be valid for other materials. Consequently, the proposed approach may be considered just as a classifying criterion. For isotropic linear elastic materials (Eq. 12), it may be demonstrated that only two types of yield complementary strain energy at the most are possible. For practical purposes, this may be interpreted using a free parameter ( ) instead of the Poisson's ratio, e.g. in Eq. 16
The limits of are the same as those of the Poisson's ratio ( 1 0.5), because the yield energy has to be positive. The value of determines the type of critical energy, e.g. 0.5 implies that the critical energy is just the distortional part (e.g.
Hencky 1924
). Interestingly, Eq. (22) with 0.5 is the elliptic paraboloid yield criterion proposed by Raghava et al. (1973) for polymers and used by Christensen (2013) . Alternatively, the two types of yield energy may be treated independently and the yield criterion could be twofold (e.g. Christensen 2013).
Non-linear isotropic elasticity

A general example
Some materials, such as granular materials, show a non-linear response (Figure 1 ), even for the elastic range. In these stress-dependent materials, the stiffness is assumed to vary with the stress state.
For isotropic materials, the complementary strain energy density may be expressed just as a function of stress invariants. As for the linear case, the principal stresses will be here used for visualization of the elastic potential. Many different types of non-linear elasticity may be formulated within the hyperelastic framework (e.g., Humrickhouse et al. 2010; Houlsby and Puzrin 2006) ; here, for demonstration, the following complementary strain energy density function is assumed as an example:
where is a material parameter that controls the material non-linearity. This formulation has the advantage that the stiffness is stress-dependent, not just mean pressure-dependent, and it may be reduce to the linear case (Eq. 14) by assuming =1.
Besides, the stiffness roughly follows a power law (approximately ∝ ). Thus, the common range is between =1 (constant modulus) and =0.5 (roughly linear stressdependency of the stiffness). It is worth noting that non-linear hyperelastic models always introduce a "stress-induced" anisotropy (e.g., Puzrin, 2012 
Similarly to the linear elastic case, the yield surface may be defined as the elastic potential (Eq. 25) for a limit value of the complementary strain energy density ( , ).
Consequently, once the non-linear elastic constants ( , , , ) have been determined, the additional two constants of the yield surface ( , , ) may be obtained from the yield stresses for two different stress paths, for example, the uniaxial or hydrostatic yield stresses at tension and compression.
For the non-linear case, the shape of the elastic potentials and the yield surface in the principal stress space are distorted ellipsoids (Figures 4-7) . In 
The selection of appropriate hyperelastic models and fitting of yielding data for specific materials is far beyond the scope of this paper, but distorted ellipses as those in Figure 6 are used in the literature as yield surfaces (e.g., Bigoni and Piccolroaz 2004) .
Incompressible non-linear isotropic materials
A simple way of formulating a non-linear incompressible hyperelastic model is by using just the deviatoric component of the complementary strain energy density (Eq. 8):
Similarly to Eq. (22), the quadratic power of 2 is replaced by 2 in Eq. (26). Besides, ordered principal stresses are considered in Eq. (26) to avoid negative values in the base of the 2 exponent. For full visualization in the principal stress space, they may be alternated. Assuming =1 (arbitrary units) for the sake of simplicity, the yield surface is: 
Linear anisotropic elasticity
Transverse isotropic materials
As for the previous examples, the application of the proposed approach to anisotropic elasticity depends on the selected hyperelastic model. For the sake of simplicity, the case of transversely isotropic materials is considered, i.e. an axis of symmetry and only 5 independent elastic constants. Besides, the symmetry or longitudinal axis is assumed to be the vertical axis (equal to Axis 1), while the transverse axes are assumed as the horizontal ones (Axes 2 and 3). Thus, the (complementary) strain energy density is where and are the vertical and horizontal parameters that do not affect the stiffness matrix but cause a translation of the elastic potential (similarly to in Eq. 14).
Using octahedral stresses as in Eq. 9 (Figure 3) , an additional term that causes a rotation of the ellipse appears (29) where , and may be related to the 5 elastic parameters in Eq. (28) and and
give the translated origin and may be related to and .
Following the approach used above, the yield surface can be found by imposing a limit value of the complementary strain energy density ( , ). However, if the material is, for example, fibre reinforced, it is clear that the yield energy in the longitudinal (vertical) direction is different from that in the transverse direction and the yield parameters (e.g. in the corresponding yield surface from Eq. 29) may not be directly linked to the elastic parameters.
Incompressible linear anisotropic materials
As in Section 3.2, the complementary strain energy for incompressible materials may be formulated using just the distortional part. For anisotropic materials, the shear moduli in the different directions have to be considered. As in the previous Section 4.1, the axes of anisotropy are assumed to coincide with the principal stresses. Thus, the (complementary) strain energy is (30) If different yield energies are assumed for the three planes of anisotropy ( , ), the classical Hill (1948) yield criterion is obtained. 
Conclusions
This paper shows that yield surfaces may be assumed to be elastic potential surfaces for specific levels of critical complementary strain energy density. Traditional approaches, such as the total strain energy criterion, only consider second order terms, i.e. the initial strain energy is null and the elastic potential is centred at the current stress state. Here, first order terms are considered, and consequently, the elastic potential may be translated. The proposed approach shows a correlation between the shape of the yield surface and the Poisson's ratio, which control the shape of the elastic potential. This correlation agrees well with published values in the literature for soils and metallic glasses.
Introducing non-linear elasticity gives a wide range of elastic potentials, such as distorted ellipsoids or cylinders, with similar or identical shapes as previously published yield surfaces.
As hyperelasticity or associated plasticity, the proposed framework to derive associated or hyper yield surfaces using elastic potentials may be considered just as a classifying criterion and a possible approach to formulate yield surfaces.
Appendix I. Application of the linear isotropic case to soils
Soil response is clearly non-linear, but the application of the linear formulation (Section 2) gives a first approximation, as will be shown. As commonly done for soils, compressive stresses are assumed to be positive and the stress invariants and are used:
Thus, using those stress invariants ( and ) and and , the yield surface based on the elastic potential (Eqs. 4, 9 or 12) may be expressed as
It is necessary to apply the translation to account for the tension-compression asymmetry (Eq. 18). Besides, in the case of soils, tensile stresses are usually null ( 
Appendix II. Application of the linear isotropic case to metallic glasses
Based on experiments in metallic glasses, Zhang and Eckert (2005) proposed an Ellipse failure criterion. Furthermore, Liu et al. (2015) found a very interesting correlation between the shape of the ellipse and the Poisson's ratio. The advantages of metallic glasses for this study are that they are macroscopically isotropic and homogeneous, exhibit nearly zero tensile ductility and very limited compressive plasticity, and cannot be work-hardened. Thus, the yield surface may be assumed to be the failure surface.
Here, the data gathered by Liu et al. (2015) are reinterpreted within the proposed framework for linear elastic isotropic materials (Section 2).
For the sake of comparison with Liu et al. (2015) , the yield surface (Eq. 18) is represented as a shifted ellipse in the Mohr's diagram (normal and shear stress on the failure plane , ) :
where is the initial (or shifting) stress and and are the vertical and horizontal semi-axes of the ellipse, respectively. Their ratio is the parameter that controls the shape of the ellipse, ⁄ , and may be related to the Poisson's ratio, . For the sake of consistency with other parts of this paper, compressive stresses are assumed to be positive. The main differences between the proposed approach for the linear case and the Ellipse criterion (e.g., Liu et al. 2015) are that the tension-compression asymmetry is introduced through the shifting stress and that the proposed yield surface is convex and fully 3D. Chen et al. (2011) proposed a 2D eccentric (shifted) ellipse, whose derivation is different from the present approach, but it provides a failure envelope as that in Eq. AII.1. 
Appendix III. Example of non-linear hyperelastic model
This appendix presents the elastic behaviour, specifically the variation of the stiffness with the stress level, that corresponds to the complementary strain energy density function used as an example in Section 3 (Eq. 25). For simplicity, a null "back" stress is assumed ( 0), so, *
. Otherwise, the corresponding isotropic stress translation must be applied.
Using equivalent moduli, the symmetric compliance matrix ( ) may be expressed as Compressive stresses and strains are assumed to be positive.
